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Abstract 

In this article we introduce and investigate a new two-parameter family of knot 
energies TP </,<?) that contains the tangent-point energies. These energies are ob- 
tained by decoupling the exponents in the numerator and denominator of the inte- 
grand in the original definition of the tangent-point energies. 

We will first characterize the curves of finite energy TP^* in the sub-critical 
range p 6 (q + 2, 2q + 1) and see that those are all injective and regular curves in the 
Sobolev-Slobodeckil space W<p-i>/<m(r/z,R"). We derive a formula for the first 
variation that turns out to be a non-degenerate elliptic operator for the special case 
q = 2 — a fact that seems not to be the case for the original tangent-point energies. 
This observation allows us to prove that stationary points of TP <P,2) + A length, 
p 6 (4, 5), A > 0, are smooth — so especially all local minimizers are smooth. 
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1 Introduction 



Strzelecki and von der Mosel [55] introduced us to the crew of a space shuttle travel- 
ling with constant speed through the universe on an unknown closed loop F of length 
L. With the aid of their instruments they are able to measure at time t the ratio of the 
squared distances |r(*) - T(f)| 2 from any previous position T(s), s e [0, t], to the dis- 
tance of the current tangent line f(t) = F(?) + RT'(f) from that previous position T(s), 

\m-m\ 2 



2r r (t, s) : = 



dist(£(0,r(,y))' 



Interestingly, the astronauts can gain essential topological information and regularity 
properties from the integral mean of a suitable inverse power of all these data, more 
precisely from 

JJ[o,L]- r r (t, s)i 

During a hazardous maneuver in the southern Andromeda Galaxy the space craft un- 
fortunately crashed, so the astronauts have to purchase a new one. The manufacturer 
meanwhile changed the model which now measures the ratio 

f ( r M) (t, s) := -^^fT^y^q for predefinable variables p, q > 1 (1.2) 

and praises his innovation for giving more flexibility by choosing the "power parame- 
ters" p and q. He promises that the integral 

Tp0>>?) (r):= ff d * dt (1.3) 
JJ[0,L? 7? (*> *) 

yields far more information on the topology and regularity of the loop F and claims to 
have obtained particularly good results for q = 2 and p somewhere between 4 and 5. Is 
he right? 

We will see that for certain parameters the energy TP (m) is a knot energy. The notion 
of knot energies goes back to Fukuhara [21] and O'Hara [36]. The general idea is to 
search for a "nicely shaped" representative in a given knot class having strands being 
widely apart and being preferably smooth. More precisely, a knot energy is a functional 
that is (i) bounded below and (ii) self- repulsive (or, synonymously, self-avoiding), i. e. 
it blows up on embedded curves converging to a curve with a self-intersection (with 
respect to a suitable topology) [39, Def. 1.1]. 

Knot energies are the central object of the so-called geometric knot theory which aims 
at investigating geometric properties of a given knotted curve in order to gain informa- 
tion on its knot type. They also form a subfield of geometric curvature energies which 
include geometric integrals measuring smoothness and bending for objects that a priori 
do not have to be smooth. 

Knot energies can help to model repulsive forces of fibres. The original Gedankenex- 
periment by Fukuhara [21] was the deformation of a thin fibre charged with electrons 
lying in a viscous liquid. There is indication for DNA molecules seeking to attain a 
minimum state of a suitable energy [35]. Attraction phenomena may also be modeled 
by a corresponding positive gradient flow [2]. 
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The first knot energy on smooth curves goes back to O'Hara [36] who in 1991 defined 
the functional that was called Mobius energy later on by Freedman, He, and Wang [20]. 
It corresponds to the element E 2 ' 1 of the two-parameter family of functionals 

E a ' p (y) := f f 1/2 f , - - I — = - j^— I -)' \Y(u + w)\ \Y(u)\ dwdu 

Jr/z J-i/2 V lr(« + r(u)|" D 7 (u + w,u) a j 

(1.4) 

which O'Hara [37, 38] introduced shortly after. Here a,p > 0, and y e C 0,1 (R/Z,R"). 
The quantity D y (M + u>, «) measures the intrinsic distance between y(M + io) and y(u) on 
the curve y. Of particular interest is the subfamily 

E (,a)._ E a,i for q, 6 [2,3). (1.5) 

There are numerous contributions concerning topology [37, 38, 20], regularity [1, 36, 
20, 29, 10, 44, 43], and the corresponding gradient flow [29, 9, 5]. Numerical experi- 
ments have been carried out in [34], error estimates have been obtained in [40, 41]. 

Another famous example of a knot energy is the reciprocal of thickness which can be 
characterized by means of the global radius of curvature g[y] defined by Gonzalez and 
Maddocks [26]. This leads to the concept of ideal knots, minimizers of the rope length 
(the quotient of length and thickness) within a prescribed isotopy class. Existence is 
discussed in [27, 16, 25] while the question of regularity turns out to be rather in- 
volved [46, 47, 15]. In fact, an explicit analytical characterization of the shape of a 
(non-trivial) ideal knot has not been found yet, so the state of the art is discretization 
and numerical visualization, cf. [3, 17, 18, 19, 22, 28, 48]. Maximizing length for 
prescribed thickness on the two-dimensional sphere S 2 leads to an interesting packing 
problem, see Gerlach and von der Mosel [23, 24]. 

Substituting some of the minimizations in the definition of thickness as proposed in [26, 
Sect. 6], one derives three families of integral-based energies, namely 

as 



%{y) : 


-if ^ 

WR/Z 11 


y p (y) 


-II 

JJ(R/Z) 




-III 

JJJ<R/: 



infR/z\{j} Qly](s,-) p 
ds dt 



ds dtdcr 



z)3 R(s,t,o-y 

where R(s, t, cr) denotes the radius of the circle passing through the three points y(s), 
y(t), y{cr). These functionals have been thoroughly investigated by Strzelecki and von 
der Mosel [54], Strzelecki, Szumariska and von der Mosel [49, 50], and Hermes [30]. 
The energy spaces are discussed in [7]. Energies for higher-dimensional objects are 
considered in Strzelecki and von der Mosel [52, 53, 56], Kolasinski [31, 32], and Ko- 
lasinski, Strzelecki, and von der Mosel [33]. 

The tangent-point energies (1.1) are a variant of these "three-point circle" based func- 
tionals. One just uses the radius of the smallest circle tangent to one point and going 
through another point on the curve instead of the radius of the smallest circle going 
through three points on the curve. The resulting energies already appeared as U P 2[C] 
in the article by Gonzalez and Maddocks [26, Sect. 6]. Sullivan [57] used these func- 
tionals to approach ropelength. In contrast to these classical energies, the integrand of 
the generalized energies introduced in this article (1.3) bare such an appealing geomet- 
ric interpretation. But we will see that they have nicer analytic properties, basically due 
to the fact that their first variation leads to non-degenerate elliptic operator. 
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Before presenting the results of this article, let us briefly review the main known results 
on the tangent-point energies defined in (1.1). The most striking observation Strzelecki 
and von der Mosel made in their seminal paper [55], is that if $ q {T), q > 2, is finite 
then the image of F is a one-dimensional topological manifold [55, Thms. 1.1 and 1.4] 
of class C 112 ^ 9 if q > 2 [55, Thm. 1.3]. The proof of this and all the other main results 
in the paper is based on exploiting a decay estimate of Jones' beta numbers. Still 
for q > 2, they gave an explicit upper bound on the Hausdorff distance of two given 
curve in terms of their tangent-point energies implying ambient isotopy [55, Thm. 1.2]. 
Moreover, they could prove that in this case § q is a knot energy [55, Prop. 5.1], which 
improves an earlier result by Sullivan [57, Prop. 2.2] that requires higher regularity. The 
energy even is a strong knot energy, i. e. for given bounds on energy and length there 
are only finitely many knot types having a representative that satisfies these bounds. 

In fact one can strengthen the above-mentioned result of Strzelecki and von der Mosel 
and show that <S q (Y) is finite if and only if the image of T is an embedded manifold 
of class W 2 - 1/C1 - C1 c C u-2/ * see [6, Cor. 1.2]. Results for higher-dimensional analoga 
to S q can be found in [51, 6, 33]. 

As TP (m) is (increasing in p and) decreasing in q, the results by Strzelecki and von der 
Mosel [55] immediately carry over to the TP^'^-functionals (1.3) with p > 2q, p > 4 
via 

S p i 2 = 2 p/2 TP ( "'" /2) , p>4. (1.6) 
In fact we will show in Appendix B, that even for the full sub-critical range 

p e (q + 2,2q + 1), q > 1 (1.7) 

the arguments in [55] can easily be adapted leading to self-repulsiveness of the energies 
and Holder regularity of the first derivative. As in [55] this can be used to show for 
example that these energies are strong and that minimizers exist in every knot class. 

Since the arguments in [55] are quite involved and technical, we will present a com- 
pletely independent and fast approach to these type of questions for curves that are 
a priori injective, continuously differentiable and parametrized by arc-length. This 
approach is based on techniques developed in [6]. 

The first result we get for the subcritical range of parameters (1.7) is the following 
characterization of curves of finite energy among all injective C 1 -curves parametrized 
by arc-length. 

Theorem 1.1 (Energy spaces). Assume (1.7) and lety e C^R/Z.R") be an injective 
curve parametrized by arc-length. Then TP (M \y) < oo if and only ify& 
Moreover, one then has, for constants C,f3 > depending on p, q only, 

IW'U-d/m * c ( Tp(M) (r) + TP^(rf ) . (1.8) 



Remark 1.2 (Initial regularity). Note that our method of proof works entirely with- 
out using the techniques by von der Mosel and Strzelecki [55] — if one always assumes 
curves to be continuously differentiable as stated in the preceding Theorem 1.1. 

However, the requirement of initial C 1 -regularity can be omitted as the image of finite- 
energy curves is an embedded C I ff -manifold by Theorem B.l, which is easily derived 
from [55]. This shows that the energy of an arbitrary absolutely continuous curve is 
finite if and only if its image is an embedded manifold of class W^ p ~ 1 ^ q ' q . O 
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Figure 1: The range of the tangent-point functionals (1.3). Above the green line, there 
is no self-repulsion (Remark 2.1). On the red line and below, the functionals are sin- 
gular, i. e. they identically take the value +oo (Proposition 2.6). They are knot energies 
on the yellow area (1.7) (Proposition 2.10). For this range of parameters, we can clas- 
sify all curves of finite energy (Theorem 1.1) and prove the existence of minimizers 
within knot classes (Theorem 1.3) and of the first variation (Theorem 1.4) on these 
spaces. For TP (p,2) , p e (4,5), marked by the yellow line (1.12), we obtain regularity 
of stationary points (Theorem 1.5). In the hatched area we find the strange behavior 
that the functionals take finite energy on polygons but not on closed C 3 -curves (Re- 
mark 2.11). The blue line visualizes the one-parameter subfamily (1.1), the original 
integral tangent-point energies. 



We will then show how to combine Theorem 1 . 1 with a bi-Lipschitz estimate to obtain 
the existence of minimizers in every knot class: 



Theorem 1.3 (Existence of minimizers within knot classes). Assume (1.7). 

Then, in any knot class there is a minimizer of TP^ p ' q} for (1.7) among all injective, 

regular curves y e C\R/Z,W). 



In order to study stationary points of the energy, we derive a formula for the first vari- 
ation on the space of injective and regular curves of finite energy. To shorten notation 
we abbreviate 

A* :=•(« + w) - •(«). (1.9) 



Let 



P y '(u) a ■- (a, ptttt) r77T[' K< u ) a ■= a ~ P Y(A a for a e R" (1.10) 



be the projection onto the tangential and normal part along y respectively. 
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Theorem 1.4 (First variation). For p,q satisfying (1.7) let y e W (p ~ 1)/q ' q (R/Z,«') 
be injective and parametrized by arc-length. Then, for any h & W^''~ 1 '^'' ? (R/Z, R"), 
the first variation q/TP^' 9 ' at y in direction h exists and amounts to 



5T? (M \y,h) 



■ - f (P$, (u) (Ay - wy'(u)) , Ah - (Ay, / («)> *'(«)) v . , 



| Ay | 



-P'-^— '—o (l.H) 

\A 7 r 2 

+ {{y'(u),h'(u)) + </(« + w),h'(u + w))) 



Be aware that, in contrast to O'Hara's knot energies, we do not need a principal value 
to express the first variation here. The same situation applies to the integral Menger 
curvature functionals, see Hermes [30]. 

In this article, we only calculate the first variation at arc -length parametrized curves 
in order to make the proof as simple as possible. However, adapting the techniques 
from [11], one can even derive continuous differentiability of TP (P9) on the set of all 
injective regular curves in VK ( ^ 1)/M (R/Z,R"). 

For the non-degenerate case q = 2 we then finally study the regularity of stationary 
points of finite energy, i. e. curves y 6 VK (/,_1 ^ 2 ' 2 (R/Z, R") where 

p e(4,5), q = 2. (1.12) 

We will see that those are smooth — which in a sense is a justification for inventing 
these new knot energies in the first place. 



Theorem 1.5 (Stationary points of TP (p ' 2) are smooth). 

For p e (4, 5), let y e W (/ ^ 1)/2 ' 2 (R/Z, R") be a stationary point o/TP (/ '' 2) with respect 
to fixed length, injective and parametrized by arc-length. Then y € C°°. 



Surprisingly, the proof of this theorem up to some new technical difficulties roughly 
follows the lines of the proof of the analogous result for O'Hara's energies £ ,ff l for 
a G (2, 3) — yet another indication that the two families of energies TP^ p ' q ' and E a,p 
are not too different from the perspective of an analyst. 

In Proposition 4. 1 we will see that, for q = 2, the highest term in the Euler-Lagrange 
equation is an elliptic operator of order p — 1. We will show that the remainder consist 
of terms having a common form (Lemma 4.2) and is of lower order. This allows is to 
apply a bootstrapping argument to show that critical points are smooth and thus prove 
Theorem 1.5. 

Let us stress once more that we do not expect the latter result to carry over to other 
parameters in (1.7). This is due to the fact that the first variation should then be a 
degenerate elliptic operator. 

Remark 1.6 (The critical case p = q + 2). Although we generally restrict to (1.7), 
our results partially also apply to the critical case p — q + 2. 
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This holds true for the characterization of energy spaces in Theorem 1.1 except for 
Estimate (1.8) and the derivation of the first variation in Theorem 1.4 where we addi- 
tionally have to claim y, h e C l . 

However, the proofs of both Theorem 1.3 and Theorem 1.5 fundamentally rely on 
p > q + 2. In the light of corresponding results for the Mobius energy E 2,1 [20, 12] we 
expect these situation to be much more involved. O 



To make the article as accessible as possible, we present the two main tools used in the 
bootstrapping argument, namely chain and product rules for fractional Sobolev spaces, 
in Appendix A. Furthermore, a sketch on how to prove that finiteness of the energy 
implies embeddedness (Theorem B.l) can be found in Appendix B. 

Let us bring the energies into the form we will work with from now on. Observing that 
dist (£(u), y(u + w)) = \P^ (u) (y(u + w) - y{u))\ 



TP^>( r ) = ^ ^ ——^-\y(u + w)\\Y(u)\dwdu. (1.13) 

Jr/zJ-i/2 \y(u + w) - y(u)y 



= ^\y(u + w)- y(u)\ 2 - \{y(u + w) - y(u),y'(u))\ Z 

and taking into account absolutely continuous curves (of arbitrary regular parametriza- 
tion), the functional (1.3) may be rewritten as 

,1/2 \ p n„) + w)- y(u))\ q 

-i/2 lr(« + w)- y(u)\ p 
It will be crucial for the estimates later on, that 

P$ {u) (y(u + w)- y{u)) = P^ l(u) (y{u + w)- y(u) - wy'(u)) , (1.14) 

so, fory e C u , the integrand in (1.13) behaves like <9 (|w| 2?_jP ) as w -> 0. 

We will use Sobolev-Slobodeckii spaces in the form they already appeared in [8]. For 
the readers' convenience we briefly recall their definition and some basic properties. 
Let / e L 2 (R/Z, R"). For s e (0, 1) and g e [1, oo) we define the seminorm 

WR/Z J-l/2 \w\ l+es ) 

Now let W k ' e (R/Z, R"), keNU {0}, denote the usual Sobolev space (recall W°' e := L e ) 
and 

W* + ^(R/Z,R") := {/ e W**(R/Z,R") | ||/||^+. s , e < ™} 
be equipped with the norm 

\\f\\ w k +S£ := ll/IU, + [f (k) ] ws , e ■ 
Without further notice we will frequently use the embedding 

W^'^R/Z, R") ^ C M " I/e (R/Z,R"), se(g-\l). (1.16) 

We will denote by C resp. W- injective (embedded) curves parametrized by arc-length 
and by W- injective regular curves. As usual, a curve is said to be regular if there is 
some c > such that \y'\ > c a. e. Constants may change from line to line. 
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2 Energy space 

The main aim of this section is to characterize in some sense the domain of the energies 
TP (p ' g) in the range 

p e (q + 2,2q + 1), q>\ (1.7) 
and prove the existence of minimizers using this result. 

We will see that these are the only parameters for which the energies are both self- 
repulsive and well-defined in the sense that there exist closed curves of finite energy, 
but not scaling invariant. 

Remark 2.1 (Not a knot energy if p < q + 2). Let us give an example that shows that 
we do not get a bi-Lipschitz estimate for injective curves if p < q + 2. Consider the 
curves u h-> (m, 0, 0) and u i-» (0, u,6) for u e [-1, 1], 6 > 0. The interaction of these 
strands leads to the TP fM) -value 



rr (u 2 + 5 2 ) f ^ r 2 " {r 2 sin2 V + $ 2 ) 

2 — 2 '- H dudu<2 \ ^ ^rd^dr 

JJ[-i.ip (w 2 + v 2 + 5 2 ) pil Jo Jo (r 2 + 5 2 ) pl2 

qzE 

(r 2 + 6 2 ) 2 rdr. 



(2.1) 



The integral on the right-hand side is bounded for 6 \ if p < q + 2. Using Proposi- 
tion 2.4 below and the monotonicity of TP* ' 9 ' for fixed q, it is easy to join the endpoints 
of the two strands via suitable arcs producing a family of "figure eight"-like embedded 
smooth curves that does not lead to an energy blow-up as 6 \ 0. Clearly this does not 
meet the requirements for a knot energy as mentioned in the introduction. O 

The biggest difference here to the approach taken in [55] is that we will only look at 
curves parametrized by arc-length which are a priori C 1 and injective. It is surprising, 
that we will still be able to prove by rather simple means that the subset of these curves 
of bounded length and energy is compact in C 1 up to translations. This will follow 
from our classification of curves of finite energy and a bi-Lipschitz estimate which we 
will again prove using this classification. 

We will use this together with the lower semi-continuity of the energies TP <M) with 
respect to convergence in C 1 , to show that these are strong knot energies that can be 
minimized within each knot class — without using one of the basic tools in [55], the 
decay of Jones' beta numbers. But as in [55] scaling is what makes our arguments 
work. More precisely: that things get punished more by the energy, if they happen on 
a small scale. 

Remark 2.2 (Problem with non-injective curves). To see that considering just injec- 
tive curves might be an idea, let us repeat an observation that was already made in [55] 
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for the classical tangent point energies. As the value TP (M) (y) only depends on the 
image of y and multiplicities, it is easy to construct a non-injective curve parametized 
by arc-length of finite energy that is moreover not C . Take e. g. an open C 2 -curve 
defined on [0, |]. By Proposition 2.4 it has finite energy. Traversing it once, changing 
the direction at the end-point, and then traversing it in the opposite direction, produces 
a non-injective continuous parametrization on R/Z of a one-dimensional manifold with 
boundary whose energy amounts to four times the original energy. By the same rea- 
soning, passing a curve £-times results in an energy increase by the factor k 2 . O 



To give a sufficient condition for an injective curve in C 1 parametrized by arc length 
— which will also turn out to be necessary — we will use the following easy result 
from [8]: 



Proposition 2.3 (Bi-Lipschitz continuity [8, Lem. 2.1]). 

Let y e wj? l ^ q ' 9 (M./Z, R"), p > q + 2. Then there is a constant C y such that 

— < \y(u + w) - y(u)\ < \w\ for all u e R/Z, w e [-\, |]. (2.2) 

Cy 



In Proposition 2.7 below we will provide a uniform bi-Lipschitz estimate for curves of 
bounded TP (p,9) -energy. 

Now we are in the position to prove that curves in (R/Z, R") have finite en- 

ergy: 



Proposition 2.4 (Sufficient regularity condition for p e [q + 2, 2q + 1)). 

Ify e W^~ m ' q (R/Z, R") is parametrized by arc-length, q > 1 and p e [q + 2, 2q + 1) 
then TP (M \y) < oo. 



Proof. By (2.2) we derive as in [6] 

\i 



r j. \r \j\u "t w) yyu))\ 

Jr/z J- 1/2 b<« + w)- y(u)\ p 

:•;{ f 

Jr/z J-i 



n- P^ u J y'( u + &w)dy 

<Ci I — — dwdu 

r/z J- 1/2 m q 



1/2 \So p yw { y' (u + §w) - r ' (M)) d§ \ 

Cv I I — dw du 

WJ-l/2 

< ■ "' ' 

/0 JR/Z J- 1/2 

/0 Jr/zJ-#/2 \W ' 



Jr/z J-i/ 

7 Jo Jr/zJ-,/2 M P_? 

: J7 f 

Jo Jr/z J-# 
Jr/z J- 1/2 M p 9 



/R/Z J-l/2 

= c p r-v'i 9 
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To get a classification of all finite-energy curves in C\ we need to show that the inverse 
implication is true as well: 



Proposition 2.5 (Necessary regularity for finite energy). Let y e C 1 (R/Z,R") be 
injective and parametrized by arc-length with TP^'^iy) < oo for (1.7). Then y € 

W (p-\)lq,q md 

where C and fi > depend only on p, q. Moreover, 



II? 

|lc(P- 2 )/9- 



C (TP (M) (y) + TP (M) (y/) . (2.4) 



Proof. The estimate (2.4) immediately follows from (2.3) and Morrey's embedding 
theorem for fractional Sobolev spaces. 

The proof of (2.3) uses the techniques from [6]. By continuity we may choose some 
6 > such that 

\y'(u + w) - Y(u)\ < \ V2 for all m e R/Z, iu e [-6,6]. (2.5) 

In fact we choose the biggest such constant, i. e. we assume that there are uq e 
R/Z, wo e [-5, 5] such that 

\y'(u + w ) - y'(u )\ = \ VI (2.6) 

This leads to 

\ p n u+ w) (r(« + «0 - r(")) - f /(«) (r(« + w ) - rO))| 2 

= |(y(M + w) — y(u), y'(u + w)) y\u + w) - (y(u + w) - y(u), y\u)) y'(w)| 2 
= \(y(u + w)- y(u),y'(u + w))f + \(y(u + w) - y(u),y'(u))\ 2 

- 2 (y(u + w) - y{u),y'(u)) (y(u + w) - y(u),y'(u + w)) (y'(u),y'(u + w)) 
= \(y(u + w)- y(u), y'(u + w)) - (y(u + w) - y(u), y'{u))f 

+ (y(u + w) — y(u),y' '(h) ) {y(u + w) — y(u), y'(u + w)) \y'(u) — y (u + w)\ 2 

> \y'(u) - y\u + io)| 2 w 2 I (y'(u + ft\w),y'{u)) d§\ I (y'(u + §2w),y'(u + w)) d§2 
Jo " v ' Jo " ~ ' 



=l-{\y'(u+i),w)-y(u)\ 2 >l 

|2 



- Tb wl \y'( u + w )-Y (")| 

This allows to estimate using \y(u + w) - y(u)\ < \w\ 



Tp(P4\y)= L^IZ —Ldwdu 

Jr/z J- 1/2 lr(" +w)- y(u)\' 



1/2 r /w {y{u + w) ~ y{u)) \ 

, \y(u + w)- y(u)\ p 

1/2 \ P Y(u + w) (r(« + «0 - y(u))\ ' + |P£ (a) (y(u + w)- y(u))\ 
1/2 lr(" + w)- y(u)\ p 



'i 

- dwdu 



\ W \<>\y'( U + W )-y'( U )\1 

' ' 1 >_ s \y(u + w) - y(u)\ p 
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\y(u + w)-y'(u)\ e ' j \w\ \" 

S \y'(u + w)-y'(u)\' 1 
— aw au 

IR/ZJ-6 \wr q 

which gives 

[r']V 1 )/ ? - 1 ^ c -( TT(P ' ?)(y) + l|y|U I 1/2 ^ 

<C M (TV {p ' q \y) + 5 l+q - p ). 

Unfortunately, this last estimate gets worse as 5 gets small. We will derive a Morrey 
estimate for fractional Sobolev space to estimate 5 from below. More precisely, we will 
show 

\\y'(- + w)- /(-)|| L „ < C r VP (M \y) xlq \w\ a for all w e [-|, i] (2.7) 
where a - (p - 2)/q - 1 > 0. From (2.7) we infer 

i V2 < CTP G ''« ) (y) 1/ «tf 

which concludes the proof. 

To complete the argument, we sketch the proof of the Morrey estimate stated above. 
Let y' B , . denote the integral mean of y' over B r (x). We calculate for x e R/Z and 

r e (0,'$) 

l/(«)-/ BfW |d«< f f ir'W-r'WIdwd, 



1/9 



.chi i ^-r ( " )|t d»j 1/ ' 



B r W *J B r {x) l« ~ V\ P q 



< Cr a TP (M \y) 



1/4 



The estimate (2.7) now follows from this by standard arguments due to Campanato [14]. 

2 ' 



We choose two Lebesgue points u,u e R/Z of y' with r := \u — v\ e (0, f ). Then 



i=0 ifc=0 

Since 

i/(*> - y B2r( u)\ dx + km - y B2r (v)\ dx 



-k(v)\ ■ 



\YB 2r (u) YB 2r (u)\ 



\B 2r (u) n B 2r (v)\ 
< C\u - cITP^Cy) 1 '* 



as r = \u - v\ and for all y e R/Z, # 6 (0, f ) 

,, i . k(y> w {x) - dx + 4w ly,(x) : j ' b "^ dx 

\YB 2R (y) y BR (y)\ 2 R 
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we deduce that 

ly'O) - y'(v)\ < C 

Thus 



|y'(«) - y»| < C|« - y| a TP to9) (7) 1/9 
for all Lebesgue points of y' with \u — v\ < |. 

Since Lebesgue points are dense and using the triangle inequality this proves (2.7). □ 



We assume p < 2q + 1 in the last proposition mainly because (1.15) is not defined for 
s > 1 . For general p > 2q + 1 we nevertheless still have 

f f 1/2 lr'(" + «>) - /Ml' dwdM < C ( T P^) (y) + TP<^(y/) . (2.3*) 

Jr/z J- 1/2 9 v 7 

This enables us to derive the following result on what we want to call the singular 
range: For these parameters the integrand is so singular if it does not vanish completely, 
that the integral is either equal to or infinite: 



Proposition 2.6 (Singular range p >2q + 1). For p > 2q + 1, q > 1, and an abso- 
lutely continuous y : R/Z — > R we have TP fM \y) < oo if and only if the image of y 
lies on a straight line. 

Proof. Applying (2.3*) to Brezis [13, Prop. 2] reveals that y' is constant. Hence, y lies 
on a straight line. □ 



Proposition 2.5 and Proposition 2.4 prove Theorem 1.1. 

Using Proposition 2.5 together with the Arzela-Ascoli theorem, we see that sets of 
curves in C' a (R/Z, R") with a uniform bound on the energy are sequentially compact 
in C l . The next proposition will help us to show that the limits we get are injective 
curves: 



Proposition 2.7 (Uniform bi-Lipschitz estimate). For every M < oo and (1.7) there 
is a constant C(M, p,q) > such that the following is true: Every curve y e 
C ; ' a (R/Z, R") parametrized by arc-length with 

Tp(p.i\ y ) < m (2.8) 

satisfies the bi-Lipschitz estimate 

\u-v\< C(M, p, q) \y(u) - y(v)\ for all u,ve R/Z. 



We will give an easy proof that essential boils down to combining the regularity we 
get form Proposition 2.5 with a subtle scaling argument. The following lemma will be 
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one of the essential parts in the proof. To be able to state it, we set for two arc-length 
parametrized curves y, : — » R, i = 1,2, open intervals, 

TP (M) (n,72) := TP (M \yi) + TP^(y 2 ) + 

r r/ dist(A(0,y 2 (^ ; dist(^(0,y 1 ( J ))g \ 
J/,J/ 2 \ 72(01" \n(s)-yi(t)\p ) s ' 

where £,(t) = 7,(t) + Ry ( '(r) denotes line tangential to y ; at y,(r), 2 = 1,2. 
We then have 

Lemma 2.8. Let a e (0, 1). For p. > we let denote the set of all pairs (71,72) of 
curves y, e C\ ([— 1, 1],R") satisfying 

(i) ln(0) - 72(0)1 = 1, 

(ii) 7;(0)±(7i(0)-72(0))±7 2 (0), 
(hi) ||y;||co,« <p, i=l,2. 

Then there is a c — c(a, p) > such that 

TP (M) (7i , 72) > c for all (7, , r2 )eM„. 



Proof. It is easy to see that TP^' ^yi , y 2 ) is zero if and only if both j\ and 72 are part 
of one single straight line. We will show that TP^ p ' q> (-, ■) attains its minimum on M^. As 
Mfj does not contain straight lines by (i), (ii), this minimum is strictly positive which 
thus proves the lemma. 

Let (7j ,y 2 ) be a minimizing sequence in M^, i. e. we have 
lim TP^y^y*' ) = inf TP (M \-, ■). 

Subtracting 71 (0) from both curves, i. e. setting 

7, ( " ) (t):=7, ( " ) (t)-7i(0), i = 1,2, 
and using Arzela-Ascoli we can pass to a subsequence such that 

ff^fi inC 1 . 

Furthermore, (71, y 2 ) e since M M is closed under convergence in C l . Since, by 
Fatou's lemma, the functional TP (M) is lower semi-continuous with respect to C 1 con- 
vergence, we obtain 

TP (M) (7i,7 2 ) < lim TP^Cvf.yf) = lim TP (p '"\y { "\ yf) = inf TP (p ' q \-, ■). □ 
Let us use this lemma to give the 

Proof of Propsition 2.7. Applying Proposition 2.5 to (2.8) we obtain 

WWc < C{M) 
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for a = - 1 > 0. As an immediate consequence there is a 6 — 5(a, M) > such 
that 

lit - o| < 2\y(u) - y(v)\ 
for all u, v e R/Z with |m - u| < 5. Let now 



5 := inf | \y(u) - y(v)\ | h, v e R/Z, |m - u| > <yj < 



We will complete the proof by estimating S from below. Using the compactness of 
{u, v e R/Z, |k - y| > 6), there are 5, t e R/Z with I* - t\ > 6 and 

\y(s)-y(t)\=S. 

If now 1 5 - 1 1 = 5 we get 

25 =2\y{ S )-y(t)\>8 

and hence 

, 5 |y(«)-yQ;)| 
2 6 6(a,M) 

for all u,v e R/Z with \u - u\ > 6. This proves the proposition in this case. If on the 
other hand \ s - t\ > 5 then we get using the minimality of \y(s) - y(t)\ 



y'(s) ± (y(s) - y{t)) ± y'(t). 



We now set for t e [-1, 1] 



nW := j7(s + St) and y 2 (r) : = jy(t + St). 

Since 

WYM- < ll/lb- (< C(M)) 

we can apply the Lemma 2.8 to get 

TP iM \y u y 2 ) > c(a,M) > 0. 



Together with 



this leads to 



TP^( r ,, r2 ) < 5 p ^ 2 TP (M) ( r ) 



1 

> / c(a,M) y+* ^ (c(a,M)y z ' 



Hence, 

1 1 . 1 , \y(u)-y(v)\ 

\u - v\ < 2 < — < C(M, p, q) \y(u) - y(v)\ 



for all u, v € R/Z with |k - u| > 5. 

We are now in the position to prove the following mighty 
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Theorem 2.9 (Compactness). For each M < oo the set 

A M := [y e C^R/Z, R») | TP ( ^>( r ) < m} 
is sequentially compact in C 1 up to translations. 



Proof. By Proposition 2.5 there are C(M) < oo and a = a(p, q) > such that 

w\\c < cm 

for all y e A M and hence 

iir iic« < cm + 1 

where y(u) :- y(u) - y(0). Furthermore, from Proposition 2.7 we get the bi-Lipschitz 
estimate 

\u-v\<C(M,p,q)\y(u)-y(v)\ 

for all u, v e R/Z. 

Let now y„ e Am- Then 

HfJIc- < C(M) + 1 
and hence after passing to suitable subsequence we have 

% -> 7o 

in C 1 . Since y„ was parametrized by arc-length, y is still parametrized by arc-length 
and still 

\u-v\< C(M,p,q)\y Q (u) - y (u)\ 

for all u,u e R/Z. So, especially, yo e C' (R/Z, R"). From lower semi-continuity with 
respect to C 1 convergence we infer 

TP (M) (yo) < liminf TP (M \y„) < M. 

n — >oo 

So yo 6 A M . a 

Let us conclude this section by deriving two simple corollaries of this sequential com- 
pactness and the lower semi -continuity of the energies with respect to C 1 -convergence. 

The first one states that the tangent-point energies TP (/,,<?) are in fact knot energies as 
defined in the introduction. The second one, already stated in the introduction, ensures 
that there exist minimizers of the energies within every knot class — which are then 
smooth by Theorem 1.5. 

Proposition 2.10 (TP (p ' 9) is a strong knot energy [55, Prop. 5.1, 5.2]). 

Let (1.7) hold. 

(i) If (yidkeN c !S a sequence uniformly converging to a non-injective 
curve yco e C ' 1 parametrized by arc-length then TP^'^yt) — > oo. 

(ii) For given E, L > there are only finitely many knot types having a representa- 
tive with TP (M) < E and length = L. 
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Proof. The first statement immediately follows from the bi-Lipschitz estimate in Propo- 
sition 2.7, as a sequence with bounded energy would be sequentially compact in C- and 
thus cannot uniformly converge to a non-injective curve. 

To show the second statement, let us assume that it was wrong, i. e. that there are curves 
(Tn)neN °f l en g m L, all belonging to different knot classes, with energy less than E. Of 
course we can assume that L = 1. Theorem 2.9 tells us, that after suitable translations 
and going to a subsequence we can assume that there is a yo e Am such that y„ — > yo 
in C l . As the intersection of every knot class with C 1 is an open set in C 1 [4, Cor. 1.5] 
(see [42] for an explicit construction), this implies that almost all y„ belong to the same 
knot class as yo, which is a contradiction. □ 

Proof of Theorem 1.3. Let (jk)ken G ^ e a minimal sequence for TP ( ''' ?) in a given 
knot class K, i. e. let 

lim TP (p ' g \y k ) = inf TP (m) . 

c' i: nK 

After passing to a subsequence and suitable translations, we hence get by Theorem 2.9 
a yo e Cl with yt — > yo in C l . Again by [4, 42] the curve yo belongs to the same knot 
class as the elements of the minimal sequence (yt)^. EN . The lower semi-continuity of 
TP(p.«) furthermore implies that 

inf TP ( "' 9) < TP (M) (y ) < lim TP (M) (y„) = inf TP (m) . 
Hence, yo is the minimizer we have been searching for. □ 

By the same reasoning one derives the existence of a global minimizer of TP (m) . 

Remark 2.1 1 (Strange range). On p e [2q + 1 , q + 2), p, q > 0, see the hatched area in 
Figure 1, we find the strange behavior that there are no closed finite-energy C 3 -curves 
while self-intersections, and in particular corners, are not penalized. So piecewise 
linear curves (polygonals) have finite energy. 

The latter can be seen by adapting the calculation (2.1). For the former we recall that 
a closed arc-length parametrized C 2 -curve must have positive curvature |y"| at some 
point «o and by continuity there are c, 6 > with |y"(«o + w)\ > c > for all w e 
[-25,26]. As y" ± y' we may lessen 6 (if necessary) to obtain \(y"(u + w),y'(u))\ < 



1 \y"{u + w)\ for all «e[« r 5, u + 6], we [-6, 6]. So TP (M) (y) is bounded below by 

o+6 5 1 2 1 1-/1 

J J w 2q - p iy J (I- §)y"{u + §w)A§ - I J (1 - ff)y"(u + §w) d#, y'(u 



uq-6 -6 

uq+3 5 







\y"(u + j?iiu)| 2 + \y"(u + &2U>)\ 2 



dw du 



W-G -6 [0,1] 2 

- \y"(u + §\w) — y"(u + &2w)\ 2 - \(y"(u + §iw), y'(u))\ 2 - 

- \(y"(u + -& 2 w),y'(u))\ 2 + \{y"(u + ® x w) - y"(u + -& 2 w),y'(u))\ 2 

dj?id^ 2 dwdu. 
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Lessening 8 > once more, the term \y"(u + ■&iw) - y"(u + &2iv)\ 2 < w 2 Hy"'|li»» can 
be made so small that the square bracket is > c > 0. This gives TP (M) (y) = oo. O 



3 First variation 

Let turn to the proof of Theorem 1.4. In contrast to the investigation of O'Hara's 
energies [11], we do not need to cut off the singular part in the energies. Instead, a 
straightforward calculation of the first variation using Lebesgue's theorem of domi- 
nated convergence will prove that 



6TP (M) (y,h) := lim 



TP (M)( r + T / 2 ) _ TP ( ^( r ) 



exists. 



For y e W 



{p-X)lq,q, 



/Z,R")and/i e W ip - V)iq - q let 



y T :-y + rh for any t e [-To, to] 
where to e (0, 1) is so small that 

\y' T \ > \ on R/Z 
and each curve y + rh, r e [-To, To], is still injective. Then, recalling (1.9), 
T p(M)( y + T h) - TP (M) (y) 



(3.1) 



where 



I T (u, w) := 



\y' T (u + w)\ \y' T (u)\ - 



r r 

= I I I T (u,uS)dwdu 

Jr/z J-l/2 

'p\, , (Ay/ 



y'(u + w)\ \y'(u)\ 



\Ay T \" " TV 71 " TV y| \Ay\" 
To calculate the pointwise limit of I T (u, w) as t — > 0, we observe using \y'\ = 1 that 

i\ T=Q |r»| = </(«),*'(«)>, 



TrO) 



and 



which gives 



r=0 |7r(")| 

(4 (K) Ar, A/z) - (Ay, y»> (P^ u) Ay, h'(uj) 
= (Pp (u) (Ay - wy'(u)) , A/i - <Ay,y'(«)) h'(uj). 



Hence, 



lim I T (u, w) 

T— >0 
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(p^ u) {Ay-wy'{u)),Ah-{Ay,y'(u))h\u)) 2 

? ^ \ p yw - w y (»))| 

Kyw < A ^ A/i > 



-P 



|Ay| 



((y'(u),h'(u)) + (y'(u + w),h'{u + w))) . 



We decompose 
I T (u, w) 



1 i\p\, jAy T )\ q -Ip^, ,(Ay)P 
= ri \A^f I Tt(M + W) l I 7t(m) I 

+ ~^A~yJ' ^ Tt(M + ^ ' Tt(M) ' _ ' r (M + ^ ' 7 j 

We will give uniform majorants for these three terms. In order to treat the first term we 
first consider 



P 7 ' T ( u) a - P yiu) a = (a,y' T )y' T 



1 

J- ) 



- (a, y' T ) y' T 



,2{y',h') + T\h'Y 



+ (a,h')y' T + (a,y')h' 



which for a := Ay - wy'(u) gives 
P / i( «)( a 7t)-^ W (A7) 

= p ym ( A ^ ~ ^ (m) ) _ p r'(«> ( A y - "y») 

= P / T („) ( A 7 - w r'(«)) + t/>£ (ii) (A* - wh'(u)) - P^, {u) {Ay - wy'{u)) 
= Py( U ) (Ay - "y'(")) - ^/ T («) (Ay - «>/(")) + tP^ (b) (Ah - wti(u)) 



(a,y 



2(V h') + r\h'\ 2 

\y'r\ 

Recalling (3.1) and \y'\ = 1, we hence get a constant C depending on \\h'\\ L ^ and to 
such that 

\Py M ( A Tr) - Py (u) (Ay)| < CM (|Ay - wy'(u)\ + \Ah - wh'(u)\) . 
By \a q -b q \ < q \a - b\ max (a q ~ l , b q ~ l ) for a, b > 0, q > 1 we deduce for C = 

C(||ft'|| i -,«,T )>0 

ll^ T w(Ayr)| , -|^ M (Ay)r| 
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< C |t| (^Ay - ut/(m)| + [ A/i - uj/!'(m)|) (\&7t ~~ ^Tr^Of' ' + | A T ~~ H>y'(w)| ? ' j 

< C \t\ (|A7 - ut/(m)| + |A/t - i^Ay - wy'(u)\ q ~ l + \hh - wh'(u)\ q J 

< C \t\ (|a? - ^'(m)!* + [A/i - wh'{u)\ q ) 

k' (Y(u + to) - /(«)) d6»P + k 1 (/z'(k + to) - h'{u)) dof 

* C |T| NP 1 ^ 

and hence, by Equations (2.2), (3.1), 

k' (-/(« + to) - y'(u)) d6»| 9 + k 1 (h'(u + to) - fc'(u)) d6>| ? 



l^il < C y i 



Applying Jensen's inequality, one sees 



1/2 



dwdu 



-1/2 



Jr/Z J- 1/2 Jo 



< c 



|y'(M + to) - y'{u)\ q + \h'(u + to) - h'(u)\ q 



,\p-q 



A8 dw du 



1/2 JO M 

1/2 \y'(u + iu) - /(m)! 9 + |A'(« + w) - ^'(w)! 9 

-1/2 N 7 ^ 



diodw, 



so we have found an L 1 -majorant for F\ . 

The same conclusions lead to a majorant for the remaining terms to which we pass now. 
Using arc-length parametrization and (3.1) together with \cC p - b~ p \ < C^ p \a — b\ for 
a,b > fi > 0, we compute 



|F 2 |<^|p- (M) (A r) | 9 



T 
T 

c 



1 



1 



\Ay T \" \A 7 f 
-\P^ u) {Ay-wy'(u))\ q \w\-» 



" _ IKY 



\Ay T \) \\Ay\j 



f (y'(u + to) - y'(u)) d6 
Jo 

C \\h'\\ f \y'(u + to) - y'(u)\ q d6\w\ q - p 
Jo 



|Ay T | _ |Ay| 
M \w\ 



and get using a simple substitution 

-1/2 



\F 2 \ dwdu<C 



R/Z J -1/2 



1/2 



\y'(u + Hi) - y'(«)[ 9 



diu d«. 



R/Z J-l/2 



Hi' 



Finally 



\y'r\ - \y'\ = \y'r\ - 1 = 



K| -1 2(y',h') + T\h'\ 2 

= T- 



\Yt\ + 1 



Wrl + 1 



permits to proceed as in the proof of Proposition 2.4. We arrive at 



-1/2 



/R/Z J -1/2 



|F 3 | dwdM < C 



1/2 



|y> + Hi) - /(«)|« 



dui dw. 



R/Z J-l/2 
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Hence, the functions I T have a uniform L l majorant. Thus Lebesgue's theorem of 
dominant convergence implies 

6TP iM \y,h) 

= L J- 1/2 r ^ |p * w (Ar " wr (M))| 



|^ (a) (Ay)| <Ay,A/i> 



|Arl p 



((y'(u),h'(u)) + (y'(w + w),h'(u + it)))) 



Remark 3.1 (Continuous differentiability). Estimating more carefully, one can even 
show that STP (M) (; ■) is continuous on W^ l)/q,q x fl^-D/M i, e . 

TP (P,?) 6 c i (w^~ 1Vq ' <l (R/Z, R")) for p 6 (q + 2, 2q + 1). (3.2) 

In contrast to O'Hara's energies, even an explicit formula of the first variation can be 
given at arbitrary y e l ^ q ' q in the direction h e W^p -1 )/*?. In fact, we have 

£TP (M) (y, h) 

( p r^r> a*) -K^)(^ (M) Ar, *'(«)) a _ j? _ 2 



/ J 

JR/Z J- 1/2 



|« ^ I W^l 
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^y (M) (Ay) <Ay,A/i) 



,|P+2 



|Ayr 

P r'(«) (A ^ // /(«) ,,. ,\ , / /(n + n;) \ 
h(m)) + ( -,/i(m + u;)] 



|Ay| /J \\ly'(«)l 2 ' / \lr'(" + ^ 
|y'(«)| |y'(w + u>)| dt< dit) 



4 Bootstrapping 

In this section we consider the non-degenerate sub-critical case 

p e(4,5), q=2 (1.12) 
which corresponds to the yellow line in Figure 1 . 

In order to start a bootstrapping process, we have to rearrange the Euler-Lagrange 
Equation for TP (, ' ,2) exhibiting a gap of regularity between suitable terms. To this end, 
we decompose 5TP (/ '' 2) into the sum of a bilinear elliptic term Q {p) and a remainder 
term R^ p) of lower order. The former is defined via 

r r {Af ~ wn tt 9 ~ w9 ' (u)) ^ 

Jr/zJ-i/2 M 
for /, g s W (p - l)/2 ' 2 (R/Z, R"). 
The operator 2 <p) is characterized by the following 
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Proposition 4.1 (Bilinear elliptic operator). The functional Q (p) is bilinear on 
^^(p-i)/2,2j ; more precisely 

Q (p \f, g) = Yj ek V k > &)& where gk = c ]krl + ° ') as ]k] / 00 

keZ 

and c > 0. Here \ denotes the k-th Fourier coefficient 

/*:= f f(x)e- 2 " ikx dx. 
Jo 



Proof. Since any L? function is uniquely determined by its Fourier series, we obtain 
for/, W {p - X)l1 ' 2 

^^^[^{i^^d, (4.1) 

where F(x) := 2 - 2cosx - 2;tsinx + x 2 , which turns out to be even and monotone 
increasing on \x > 0), for F(x) = 2x(l - cosx) > 0. Now F(0) = implies that F is 
non-negative on R, so Q (p) (f, g) = £ tez Qk (fk, gk) cd wh ere 

f 1/2 F(2nkw) J f'*F(x) 

ft := 2 — dw = 2 \2nk\ p — — dx (4.2) 

Jo ^ Jo * p 

is finite by F(x) = 0(x 4 ) as x — > 0. Obviously, is monotone increasing in |fc|, so 
limm^oc Qk W +l e (0, 00) by F(x) = Oix 2 ) as \x\ -> 00. □ 



Using (1.11), we now consider the remainder term 

R ip) (y, h) := 6TP (p ' 2 \y, h) - 2Q (p \y, h) (4.3) 

yy'(u) *- A 7 ~ > A ^ _ ( A 7' 7') ~ ( A 7 ~ '"y'l ~~ 



+ 2- 



3 y (M) (Ar) {A 7 , Ah) 



p+2 



{(y'(u),h'{u)) + (y'(u + w),h'(u + w))) \dwdu 



I Ay I 

\P\, , (Ay/ 
I y'(w) v 7 y | 

=: Rf +Rf +R { f +Rf. 

Interestingly, all these terms have the same structure so we can treat them simultane- 
ously. As in analysis the exact form of a multilinear mapping (W') N — > R does not 
matter at all, let us introduce the © notation which represents any sort of these opera- 
tors, e. g., ((a ® b) c, d) = a ® b ® c ® d for a, b,c,d e R". 
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Lemma 4.2 (Structure of the remainder term). The term R (p \y, h) is a (finite) sum 
of expressions of type 

f f f " f 6 fW ( M ' "0 ®h'(u + s K w) d6»i • • • di/j d« 

JR/Z J- 1/2 J J[0,1] X 



w/zere 



|y'( M + ^l"') ~ T'( M + S 2 W )\ 

,|P-2 



2 /"AT-l 



g) y'(M + ,s,id) 



gr*''' is some analytic function defined on [c, oo), and s t e {0, for all i - l,...,K. 



Proof. We begin with r\ p) . Using Py (u) - 1 - y ® y where 1 denotes the unit matrix, 
we obtain 



w- 2 (P y(u) (Ay - uV) , A/z - <Ay, y') /z') 

= fff <(1 - y'® /)(/(« + 0nu) + 3 M>)-<y'(w + 02K>), •/>/!') d0id0 2 d0 3 . 

JJJ[0,1] 3 

As |y'| = 1, we may add (y',y'> before 1 and /z'(m + 3 iu). Expanding the three differ- 
ences, we obtain eight terms all of which have the form 

III y' ®y' ® y'(u + siw) © y'(u + s 2 w) ®y' ® h'(u + S3W) d6»i d0 2 d0 3 

JJJ[0,lp 

where s,- e {0,0,}, z = 1,2,3. For the remaining factor we set @ {p) (z) := ^ff and 
compute, using |y'| = 1 and (a,b) - 1 = —\ \a - b\ 2 for \a\ = \b\ = 1, 



w 



1 



1 



= M 



2-p 



Ay 



"7 1 

:gM Ay M - 1 

47 I a> i \wr 2 



,|P-2 



=-H?l) 



Jftup lr ' (M + 01 w) ~ r ' (M + 02K;)|2 d01 d02 



,|P-2 



So /?j has the desired form. The nominator of R (p> reads 

(Py (u) (Ay - up/) , A/z - <Ay, y) h') - (Ay - wy' , Ah - wti) 
= {Ay — my' , wh' — (Ay, y') h') — (Ay — wy', y') (Ah — (Ay, y'} h' ,y'} 
= (Ay — wy' , (wy' — Ay, y') h') — (Ay — wy' ,y') (Ah - (Ay, y') h' , y') 
= - (Ay - wy, y') ((Ay - wy' , h') + (Ah - (Ay, y') h',y')) 
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= -w 2 f ((/(h + 1 u;),'/(h)) - 1) d0 v 
Jo 

■ f| ({y(u + 62w)~y,h') + (h\u + G 3 w)-{y(u + 92w),y)h',yy) de 2 de 3 

J J [0,1] 2 

= i«; 2 f | r '(« + 0iw)- r '( M )| 2 d4 • ff (-)dftdft 

Jo JJ[0,1] 2 

where (■ • ■ ) is a sum of terms of type y'(u + s 2 w)®y ®y' ®h'{u + s^w) with s, e {0, 0,}, 
i = 2, 3. For R ( f we set := \z\~ p ~ 2 and obtain 



LP- 



£ M (A r )| (Ay, Ah) (P± {Ay), Ay) 

{Ay, Ah) 



\ Ay r 2 \A 7 r 2 

Biui) - (y'(u + 6iw), y) y,y{u + 2 w)) 



"WML** 1 



[0,1] 4 \w\ p 2 

• (y'{u + G 3 w),h'{u + A w)) d0i d0 2 d0 3 d0 4 . 

The nominator reads 

(y'{u + 6»i w) - (y'{u + Q\w),y')y ,y {u + 82U))) 

= (y'(u + 0\w),y'{u + 6 2 w)) - 1 + 1 - (y'{u + 0\w),y') + (y'(u + 0\w),y'){\ - (y'(u + 6 2 w),y)) 
= -i \y'{u + Giw) - y'{u + 9 2 w)f + \ \y'(u + 6 x w) - y'\ 2 + | (y'{u + 6iw),y') \y'{u + 2 w) - y'\ 2 . 

Finally, ff£ is treated similarly to Rx\ □ 
Our next task is to show that R (p) is in fact a lower-order term. More precisely, we have 



Proposition 4.3 (Regularity of the remainder term). If y e Wjjf I)/2+<r,2 (R/Z,R") 

for some cr > then R (p) {y, ■) 6 {w 3 ' 2 -^ 2 )* for any s > 0. 

This statement together with Proposition 4.1 immediately leads to the proof of the 
regularity theorem which is deferred to the end of this section. 

To prove Proposition 4.3, we first note that, by partial integration, the terms of R^ p \y, h) 
may be transformed into 

,1/2 



Hf f ({-Af /2 g (p H-,w)){u)®({-A)-* /2 h'){u + s K w)dudwd6 l --- d0 K 
[0,1]*' J-1/2 Jr/z 

- /■ ■ X jC w) ^ 1 ^ dwdei ■ ■ ■ d0K - 1 ii ( - A) " /2/z ii^( R / Z , R ") 

ri/2 

10 I]* J 1/2 ll^ P)( ''"' ) llw"-. 1 (R/ZJi«) dwd01 ' ' ' d ^"' \\ h \\wy2+en-*2wZJL-) > 



where cr e R, e > can be chosen arbitrarily, and (-A)°~/ 2 denotes the fractional 
Laplacian. We let <x := if <x = and 5" := cr — | otherwise. Now the claim directly 
follows from the succeeding auxiliary result. 
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Lemma 4.4 (Regularity of the remainder integrand). Lety e I)/2+cr 2 . 

• If a = f/zen g w e L'(R/Z x (-±, ±),R") ant/ 

• z/o- > r/sen (w i-» (rt (-, ie)) e ^((-5, 5), W* ,1 (R/Z,R"))/oran;y 0- < cr. 
77ie respective norms are bounded independently of S\, . . . ,Sk- 



Proof. Note that, by (2.2), the argument of Q {li) is compact and bounded away from 
zero. Using arc-length parametrization, we immediately obtain 



\g K "(u,w)\ < C ; 



which gives ^ lz ll l2 \g {p \u,w)\ dwdw < C[y'] w ( P -3)/2,2- To prove the second claim, 
we will derive a suitable bound on </^(-, 



\ W cr. 



r for some r > 1. We choose q\,..., q&-\ 



which will be determined more precisely later on, such that 



I 



1 1 



Lemma A. 1 then leads to 



r\;w)\\ w ^<C 



||y'(- + siw) - /(• + s 2 w)\\ 2 w&2q2 £zj 



w 



P-2 



niM 



i=3 



For the second factor, we now choose q 2 > r so small that W°~' 2 embeds into W"'' 2 ' 12 . 
To this end, we set - := 1 - (cr — cr) and — := 1 - 2(<x - &). and o, := ^=1 for 
i= 1,3,4,. ..,K- 1. 

Then for the first factor we apply Lemma A. 2. Recall that is analytic and its 
argument is bounded below away from zero and above by 1 . We infer 



■</» 



y(- + w) - y(-) 



< c\\y\ 



lt" r -'/i 



The Sobolev embedding gives 

IMIw** < C |lrll w (/>-i)/2 +( r,2 < C for i = 1,3,4,.. . ,/sT- 1. 
Together this leads to 



^(•^lU,,. <c 



ll/O + SiU)) -•/(• + 
l,„|P- 2 



and finally 



^1/2 
J -1/2 



l w ,(p-l)/2+o-,2 • 
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Proof of Theorem 1.5. We arrive at the Euler-Lagrange Equation 

6TP (p - 2 \y, h) + A (y',h') L i = (4.4) 

for any /; e C°°(R/Z) where A e R is a Lagrange parameter stemming from the side 
condition (fixed length). Using (4.3) this reads 

2Q (p) (y, h) + A (/, h') L2 + R {p) (y, h) = 0. (4.5) 

Since first variation of the length functional satisfies 

<7^% = 2l2^| 2 (nA) c *' 

keZ 

we get using Proposition 4. 1 that there is a c > such that 

2QC\y, h) + A (Y, h\ 2 =J]Q k (%, h k ) cd (4.6) 

keZ 

where 

~g k = c\k\ p - 1 +o(\k\ p - 1 ) as |/:| ^ oo. 
Assuming that y € ^/' _1 ^ 2+0 "' 2 f or some cr > 0, we infer 

2Q (p \y, ■) + A (y', -') L 2 e (w 3 ' 2 -™' 2 )* 
from applying Proposition 4.3 to (4.5). Equation (4.6) implies 

{ ek \kl^y k \^t 2 . 
Recalling that g k \k\~ p+l converges to a positive constant as \k\ /* oo, we are led to 

p-l p-4 _ 

yeW2 +cr+ 2 s . 

Choosing s :- > 0, we gain a positive amount of regularity that does not depend 
on cr. So by a simple interation we get y e W 5,2 for all s > 0. □ 

A Product and chain rule 

As in [1 1], we make use of the following results which we briefly state for the readers' 
convenience. 



Lemma A.l (Product rule). Let q u ...,q k e (1, oo) with £* =1 — = j e (1, oo) and 

s > 0. Then, for f e W f *(R/Z, R"), i = 1, . . . , k, 



k 



k 



We also refer to Runst and Sickel [45, Lem. 5.3.7/1 (i)]. — For the following statement, 
one mainly has to treat ||(I>V) o /H^,, for k e N U {0} and cr e (0, 1) which is e. g. 
covered by [45, Thm. 5.3.6/1 (i)]. 
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Lemma A.2 (Chain rule). Let f e W S,P (R/Z, W), s > 0, p e (l,co). //> e C°°(R) is 
globally Lipschitz continuous and \p and all its derivatives vanish at then if/of e W s,/ ' 

l|iA°/IIw^<C|I^II c fc||/||^,P 
where k is the smallest integer greater than or equal to s. 



B Finite-energy paths are embedded 

Let us indicate how to adapt the respective arguments presented in [55, Sect. 2] to get 

Theorem B.l (Embeddedness for p > q + 2 [55, Thm. 1.1, Prop. 4.1]). 

Let y e C ai (R/Z,R") be parametrized by arc-length withTP {p ' g) (y) < oo forp > q+2. 
Then the image ofy is a one- dimensional topological manifold, possibly with bound- 
ary, embedded in R". In the case that p > q + 2 this manifold is even of class C 1+K for 

_ p-q-2 
K ~ 9 +4 • 



To this end it is sufficient to change just a few lines in the proof of [55, Lem. 2.1]. 
However, we add some more details for the readers' convenience. 

We briefly introduce some notation that will be used in the statements below and refer 
to [55] for further details. The beta numbers introduced by Jones are defined via 



at ^ -A dist(y,G) 
p y (x, r) := inf < sup 

t //eimage yC\B r {x) ' 



G is a straight line through x 1 



For y(s) + y(f) we denote the straight line through y(s) and y(f) by 

G(s,f) :=y(f) + R(y(s)-y(f)). 
The ^-neighborhood of some closed set F is denoted by 

U S (F) := { x e R" | dist(x, F) < 5} . 



Lemma B.2 ([55, Lem. 2.1]). For p > q + 2 there is some c PA > such that if 
y € C ai (R/Z,R"), s 6 (0, ), and d e (0, diam image y) satisfy 

s q+4 d 2+ i- p > c M TP (M \y), (B.l) 

then 

image y n B 2 d(y{s)) c U 2 0sd{G(s, t)) 
holds for any two points y(s), y(t) with |y(s) - y(f)| = d. In particular, 

sup /3 Y (x,2d) < 10s. 

.veimage y 



Having this lemma, we follow exactly the line of argument in [55]. An immediate 
consequence of Lemma B.2 is then following corollary, which guarantees a certain 
decay of Jones' beta numbers if p > q + 2: 
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Corollary B.3 ([55, Cor. 2.2]). For p > q + 2 there are c p<q , 6 p , q > such that if 

l 

TP^( r )?+4<f < S m where k = p -^± 
for y e C 0,1 (R/Z, R") andO<d<^\, then 

l 

sup /3 r (x, 2c/) < c^TP^Cy) ?+ 4 «/*. 

.veimage y 



Proof of Lemma B.2. As the quantities in the claim do not depend on the actual para- 
metrization of y, we may assume that y is parametrized by arc-length and set 



ArfO.s) 
X d (s,t,s) 
N d (s, t, s) 



= {reR/Z|y(T)eZWy(s))}, 



= lo-eA rf 0,s)|3yV) : <(yV),y(*) - y(s)) e [^,tt- f^]J, 
= A d (s, e) \ X d (s, t, e). 



From [55, Eqn. (2. 10), (2. 1 1)] we infer for a e X d {s, t, s) and r e A d (t, s) 

ly(cr) - y(r)| e (c/(l - 2e 2 ), d(l + 2e 2 )) , (B.2a) 
dist(y(T)^(cr))> (B.2b) 
From (1.2) we deduce 

ry \cr, T) 

By \A d (s, e)\ > 2s 2 d we arrive at 

TP ( M ) (r) > rr . d ^ dr > c(p, 9 )iz d ( S ,?, £ )| e « +2 d i+ ^. 

J JX d (s,t,e)xA d ( S ,s) fy(cr, r) 

As the assumption \X d (s, t, e)\ > ^s 2 d is not consistent with (B.l) for a sufficiently 
large choice of c M > 0, we obtain 

\N d (s,t,s)\ > \s 2 d. (B.3) 

Supposing y(r) e B ld {y{s)) \ U 2 o £ d(G(s, t)), cr e N d (s, t, s), and ti e A</(r, e) yields 
by [55, Proof of Lemma 2.1, Step 2] 

dist(y(r 1 ),^(cr)) > ISed 

which again gives 

' >c(p,q)s q d q - p 



and 



TpM(y) > f f . d J dT ' > C(p, q) \N d (s, t, S)\ s^d^-P. 

JJNAs,t,e)xA d (j,e) fy W (cr, T[) 

Applying (B.3) and increasing c p q if necessary, this contradicts (B.l). 
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Revisiting the proof of Lemma B.2 we infer as in [55] the following result for the 
critical case p — q + 2: 



Lemma B.4 ([55, Lem. 2.3]). There is some c q > with 

sup B y (x, 2d) < c q C0q(d) 

.veimage y 

for y e C ai (R/Z,R") parametrized by arc-length, TP (?+2 ' ?) (y) < oo, and < d <K 1, 
where 0J q (d) denotes the supremum of 



As At 



^+4 



^JAxBr™( S ,f)J 

taken over all pairs of subsets A, B C R/Z wif/z |A| , |Z?| < 



Sketch of the proof of Theorem B.l. According to [55, Theorem 1.4], the image of any 
arc-length parametrized curve y e C 0,1 (R/Z, R") with 

sup B 7 (x,d) < w(d), (B.4) 

xeimage y 

where u : [0, 1] — > [0, oo) is some continuous non-decreasing function with oj(Q) = 0, 
is a one-dimensional submanifold of R", possibly with boundary. 

If now p > q + 2 we get from Lemma B.2 that 

B y (x, 2d) < Cd K 

from which we deduce following exactly the arguments from [55, Section 4], that the 
image of y is a submanifold of class C. □ 
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